
This Week’s Topic: Frequentist Statistical Inference

Central Dogma of (Frequentist) Statistical Inference
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Example: Fair Coin?

Suppose I claim that a specific coin is fair, i.e., that it lands on heads or tails

with equal probability.

I flip it 20 times and it lands on heads 16 times.

1. My data is x = 16 heads out of n = 20 flips.

2. My data generation model is X ≥ Binomial(20, p).

3. I form the statistic p̂ = 16/20 as an estimate of p.

Let’s simulate 10,000 times what my estimate would look like if p = 0.5 and I

repeated the 20 coin flips over and over.

> x <- replicate(n=1e4, expr=rbinom(1, size=20, prob=0.5))

> sim_p_hat <- x/20

> my_p_hat <- 16/20

What can I do with this information?
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Histogram of Sampling Distribution

> sum(abs(sim_p_hat-0.5) >= abs(my_p_hat-0.5))/1e4

[1] 0.0083
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Pa n a number that describes

a population
Usually fixed
we don't know its value

appears in the probability
model of how we collected data

stated a number calculated
from a

sample of data

A statistic is used to estimate a

parameter

Sampli bmof a statistic is

the probability dist
n of the

statistic under repeated realizations

of the data from the assumed

data generating probabily
dist n



Gods of Inference

Form estimates of the parameters

Quantify uncertainty
about the

estimates

Test hypotheses
on the

parameters

Let's go
through these goals

1h Simple scenario

Data generator process
is

X Xz a Xu Normally 02

µ is unknown

62 is known

E Xin Normal nm no



If Z Normal then

at BZ
Normal

Exnin Normally 6

Exercise verify this

Tff
Normal co l

621N

Dantes of µ

f I

ri n NoradCn

hgdtshbhm

i n Norml 0,1

rain



Pivotal statistic a statism

whose sampling distribution
does

not depend on any
unknown

parameters

in is pivotal

ConfidenceInter
Interval of the form

f Ce f t ca

Ce Cu 20

where

Pr r Ce Ef Ert
Ca

forms the feel or coverage

probability of the interval



If 2 n Normal co 11 then

Prc 1.96 E Z E 1.96 0.95

Let 2 AMEN

Prf 1.96 Effy
E 1.961 0.95

621N

Pk t 96fynkir ukl.ae

prf 1.96 Em IE 1.96 n

Pff 1.96Pa
2
µ Sfr

1.96

Ce Cu 1.96Pa gives

me a 95 confidence

interval



Confidence Interval Simulation

> mu <- 5

> n <- 20

> x <- replicate(10000, rnorm(n=n, mean=mu)) # 10000 studies
> m <- apply(x, 2, mean) # the estimate for each study
> ci <- cbind(m - 1.96/sqrt(n), m + 1.96/sqrt(n))

> head(ci)

[,1] [,2]

[1,] 4.797848 5.674386

[2,] 4.599996 5.476534

[3,] 4.472930 5.349468

[4,] 4.778946 5.655485

[5,] 4.778710 5.655248

[6,] 4.425023 5.301561

> cover <- (mu > ci[,1]) & (mu < ci[,2])

> mean(cover)

[1] 0.9512

Let za be the 2 percentile

of N Cornel Ogl

If Z Normal 0,11 then

Pr Z E za
L

I a level CI

Gfr 174211nF At 1241Ern

2 Liz ZI 42



When 2 0 Or then

Zayn l 96 Zi 1.96

ta level upper CI
fiance

f
es in that Irn

t 2 level lower CI

ri Halfa P

w
x percentile

Hypothesistesting
Coin example I did a hypothesis

test of p os 5 rs p 40.5

hypothesistest significarcetest

is a formal procedure for



Compairing
observed date with

a hypothesis whose truth we

want to assess

the results of a test are

expressed in terms of how
well

the data
and one of the

hypotheses agree

ix Ho is the

statement being tested

Alterhypothesis Hi is the

of the null and it's the

interesting state

Ho and H are defined in

terms of parameter values

for probabilist
property



Exagples

gw.IM
Ho A 5 H if 5

one

sided
Ho M 5 H i µ 5

No µ 75 Me u 55

4342 a stash designed

to quantify evidence
against the

Mo in favor of H

Ho m 5 H MF5

H ftp.T
i xu

mfo4n
N Oil



If Ho MI5 is true then

2 Yn
Normello l

is pivotal

collect my
n data points

and calculate my
observed

ber
statBtry nor

o

x
2

foyn

Recall larger 121 is the

more evidence against Mo in

favor of His



pvalue is the probability

of observing a test statism

as or more extreme
than the

observed statistic
under the

sampling
dist's of the

statism

when Ho is the

Let Z N Normal CD l

p
value Prc 12 1312 1A

M tbserred
theoretal

Make a decision based
on the

p
value Smaller it is the

more evidence
against Ho in favor

of H there is



Let's say we call a test

significant is p value
E d

TypeIemororfalsepositi
Call test spgni

front i e

reject Ho
in favor of H

when Ho is actually true

Typeltemororfalsenegative

Fail to call test
significant

then H is actually
the

Rate is the probability
of

these errors under a decision

role

If p value E
L is the rule

then false positive
rate is a



under two sided test is Ex

under a one sided test

Exercise convince yourself

f be the p rake under

repeated studies Sampling

dist's of Ptt when Mo is

true 13 Uniform Oil b

a two sided test

Show Prcp Et Hohne t

for t E O D

Tintinimishis



Power Probability of
a

significant test when
H is true

Power I false negative rate

power B calculate under a

range of alternative parameter

values

x
R

r F P

R Yew wer

R discrete or continuous

ftp.m.f or p d f

fcx7 1 or f fix dx I

XER



JointDistributions
Distribution of two or more random

variables

Bivariate joint dist'm

ru's X Y

have pmf or pdf fCx y

ds fix g PRIX x Y p

Dr Lw Xlwkx3nSw YCwS y3

analogous for Pdf's

A E IR Ay ER then

Pr X C Ax YEA yl is

FEA Fea 9 discrete

fan feast419 dxdy
continuous



Bivariate Cdf

Fla b PRIX Ea YE b

Marginal Dist's

fact YEP
th y

fix I fCx g dy
ye'Ry

Independence of X and Y

Stx y
Hx fly

Conditionddest
XlY y

fCx ly
flay



E fCxly I

XERx

9 dx

ECXKIYyt Exkflx.ly

ii annex
GeneralJointDis
Xi Xz Xn

Hx Gtx Xz Xn

x Xi Xz y
Xn

If the riv's are independent

then fCx II fcxi



Likelihood

Xi Xr Xn Bernoulli p

write their joint pmf
as

flax p II thi p

Generically write 0 as the

parameter

Joint part or pdf

fix 01

II fix it Q independence

For observed data x X2 Xn

I can calculate f6 I

this a function of 0



Likelihood

HE x flax 01

viewed as a function of 0

med K Cx Xz Xu I

LCE II LIE Xi independent

log Likelihood

log Lionel Leo

independence

No 7 eco xi

Sufficientstatistic

A sufficient statist
R Thr is

such that KITCH does depend

on O



If f x f g Tcu
E him

then TC is sufficient

Lfo x g Tix Oth ca

d 40 Tca

ExampYX in X3 Xu Nuh o

TCR IT is sufficient for µ

IT Normal Cu 0

Likelihoodprinciply

Suppose
and Y are two

dark sets such that

to LCE Y

i e L Co x Lto Kd canopy



Then inference on 0 should be

the same for and gig a

Maximum Likelihood
Estimation

Es 0

that maximizes LCE K

Ence argnaxe LCE

argmaxolco K d

arg max
LCE Tca

Exampf
X BinomialCn p

Llp xl Y pxci pin
A pic l p

n x



Llp Xl x Xlogcp t n Algo pl

Up xl set it
to O

solve for p

f f

It happens to be the case that

µ

P

theparameter

ppg
Normal co l

swtfmdepdp.FI'fged

Approx 95 CI e

f 1.96 f t l 96



Var X np l p

VarCE Varix

npC
n

pCtn

pnpetiesofml.ES

Under certain regularity conditions

we have the following

consistent f n NCE n observations

f n P 0

For all E o

Pr ol e o

as n co



Equivariant

If is MLE for 0

then gCE is MLE got

p Mee p

puff ME panPI

Asymptotically Normal distributed

Asymptotically Efficient

Take angestimate
En

k 1 to a quantity

VarCEn E 1



FisherInformation

Let Xi Xz Xu
d to

Inca Var log FCK Q

E Var log HX O

E logFCK t

E E DIE logfki 0J

Var En
1

I do

standard Error

Se En IF



Se En
1

Enea

SILENI 1

find
MLE CLT

f D Normecoch

se Qu

Qu O D Norml Oil

Teton

2 0 is approx pivotal

Je Fnl Nornelloil



Repeat our special case

where I

FI c
seco


