
 

Random Variables
Probability
Random variable
Distributions of ru's
Convergence of ru's
Likelihood
EFD s

EEE
80

Doesnt use probability

descriptive statistics
exploratory data analysis
sometimes prediction



Central Dogma of Statistical Inference
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Discrete RVs
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Discrete RVs

Uniform (Discrete)

This simple rv distribution assigns equal probabilities to a finite set of values:

X ≥ Uniform{1, 2, . . . , n}

R = {1, 2, . . . , n}

f(x; n) = 1/n for x œ R

E[X] =
n + 1

2
, Var(X) =

n2 ≠ 1
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Uniform (Discrete) in R

There is no family of functions built into R for this distribution since it is

so simple. However, it is possible to generate random values via the sample
function:

> n <- 20L
> sample(x=1:n, size=10, replace=TRUE)
[1] 8 19 4 1 18 15 18 18 2 7

>
> x <- sample(x=1:n, size=1e6, replace=TRUE)
> mean(x) - (n+1)/2
[1] 0.006991
> var(x) - (n^2-1)/12
[1] 0.0208284
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Bernoulli

A single success/failure event, such as heads/tails when flipping a coin or sur-

vival/death.

X ≥ Bernoulli(p)

R = {0, 1}

f(x; p) = px
(1 ≠ p)

1≠x
for x œ R

E[X] = p, Var(X) = p(1 ≠ p)

Binomial

An extension of the Bernoulli distribution to simultaneously considering n in-

dependent success/failure trials and counting the number of successes.

X ≥ Binomial(n, p)

R = {0, 1, 2, . . . , n}

f(x; p) =

Q

an

x

R

bpx
(1 ≠ p)

n≠x
for x œ R

E[X] = np, Var(X) = np(1 ≠ p)

Note that

1
n
x

2
=

n!
x!(n≠x)! is the number of unique ways to choose x items from n

without respect to order.
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Binomial PMF
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Binomial in R

> str(dbinom)
function (x, size, prob, log = FALSE)

> str(pbinom)
function (q, size, prob, lower.tail = TRUE, log.p = FALSE)

> str(qbinom)
function (p, size, prob, lower.tail = TRUE, log.p = FALSE)

> str(rbinom)
function (n, size, prob)
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Poisson

Models the number of occurrences of something within a defined time/space

period, where the occurrences are independent. Examples: the number of light-

ning strikes on campus in a given year; the number of emails received on a given

day.

X ≥ Poisson(⁄)

R = {0, 1, 2, 3, . . .}

f(x; ⁄) =
⁄xe≠⁄

x!
for x œ R

E[X] = ⁄, Var(X) = ⁄
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Poisson in R

> str(dpois)
function (x, lambda, log = FALSE)

> str(ppois)
function (q, lambda, lower.tail = TRUE, log.p = FALSE)

> str(qpois)
function (p, lambda, lower.tail = TRUE, log.p = FALSE)

> str(rpois)
function (n, lambda)



Continuous RVs

Uniform (Continuous)

Models the scenario where all values in the unit interval [0,1] are equally likely.

X ≥ Uniform(0, 1)

R = [0, 1]

f(x) = 1 for x œ R

F (y) = y for y œ R

E[X] = 1/2, Var(X) = 1/12

Uniform (Continuous) PDF
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Uniform (Continuous) in R

> str(dunif)
function (x, min = 0, max = 1, log = FALSE)

> str(punif)
function (q, min = 0, max = 1, lower.tail = TRUE, log.p = FALSE)

> str(qunif)
function (p, min = 0, max = 1, lower.tail = TRUE, log.p = FALSE)

> str(runif)
function (n, min = 0, max = 1)
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Exponential

Models a time to failure and has a “memoryless property”.

X ≥ Exponential(⁄)

R = [0, Œ)

f(x; ⁄) = ⁄e≠⁄x
for x œ R

F (y; ⁄) = 1 ≠ e≠⁄y
for y œ R

E[X] =
1

⁄
, Var(X) =

1

⁄2

Exponential PDF
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Exponential in R

> str(dexp)
function (x, rate = 1, log = FALSE)

> str(pexp)
function (q, rate = 1, lower.tail = TRUE, log.p = FALSE)

> str(qexp)
function (p, rate = 1, lower.tail = TRUE, log.p = FALSE)

> str(rexp)
function (n, rate = 1)
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Beta

Yields values in (0, 1), so often used to generate random probabilities, such as

the p in Bernoulli(p).

X ≥ Beta(–, —) where –, — > 0

R = (0, 1)

f(x; –, —) =
�(– + —)

�(–)�(—)
x–≠1

(1 ≠ x)
—≠1

for x œ R

where �(z) =
s Œ
0 xz≠1e≠xdx.

E[X] =
–

– + —
, Var(X) =

–—

(– + —)2(– + — + 1)
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Beta in R

> str(dbeta) #shape1=alpha, shape2=beta

function (x, shape1, shape2, ncp = 0, log = FALSE)

> str(pbeta)
function (q, shape1, shape2, ncp = 0, lower.tail = TRUE, log.p = FALSE)

> str(qbeta)
function (p, shape1, shape2, ncp = 0, lower.tail = TRUE, log.p = FALSE)

> str(rbeta)
function (n, shape1, shape2, ncp = 0)



Normal

Due to the Central Limit Theorem (covered later), this “bell curve” distribution

is often observed in properly normalized real data.

X ≥ Normal(µ, ‡2
)

R = (≠Œ, Œ)

f(x; µ, ‡2
) =

1Ô
2fi‡2 e≠ (x≠µ)2

2‡2 for x œ R

E[X] = µ, Var(X) = ‡2

Normal PDF
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Normal in R

> str(dnorm) #notice it requires the STANDARD DEVIATION, not the variance

function (x, mean = 0, sd = 1, log = FALSE)
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> str(pnorm)
function (q, mean = 0, sd = 1, lower.tail = TRUE, log.p = FALSE)

> str(qnorm)
function (p, mean = 0, sd = 1, lower.tail = TRUE, log.p = FALSE)

> str(rnorm)
function (n, mean = 0, sd = 1)
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Sums of RV's

convergence of ru's
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CLT Example

Let X1, X2, . . . , X40 be iid Poisson(⁄) with ⁄ = 6.

We will form
Ô

40(X≠6) over 10,000 realizations and compare their distribution

to a Normal(0, 6) distribution.

> x <- replicate(n=1e4, expr=rpois(n=40, lambda=6),
+ simplify="matrix")
> x_bar <- apply(x, 2, mean)
> clt <- sqrt(40)*(x_bar - 6)
>
> df <- data.frame(clt=clt, x = seq(-18,18,length.out=1e4),
+ y = dnorm(seq(-18,18,length.out=1e4),
+ sd=sqrt(6)))

> ggplot(data=df) +
+ geom_histogram(aes(x=clt, y=..density..), color="blue",
+ fill="lightgray", binwidth=0.75) +
+ geom_line(aes(x=x, y=y), size=1.5)

0.00

0.05

0.10

0.15

−20 −10 0 10 20
clt

de
ns
ity

O I
3


